INTRODUCTION
The cosmological observations developed in the last two decades indicate that the universe is undergoing a phase of cosmic acceleration started after the matter domination [1] [2] [3] [4] [5] [6] [7] [8] [9] . The simplest model which successfully explains the observational data is the ΛCDM (Λ-cold dark matter) model [6, 7, 10] . This model also describes the energy budget of the universe and the formation of galaxies [3, 4, 10] . However, the ΛCDM model is not problem-free [11] . The main problem is that why the observed value of the cosmological constant is so small in comparison with the predicted vacuum energy of matter fields. Therefore, it seems that it is not possible to attribute it directly to the quantum vacuum energy and then the question arises as to what the origin of this cosmological constant is. There is also another problem called the cosmic coincidence problem which can be expressed as the question: why is the late-accelerating phase happening today that we are present to observe it? Because of these issues an alternative perspective towards resolving the acceleration problem has been proposed. The gravitational sector of Einstein's general relativity may not provide a sufficiently adequate description for gravitational interaction at very large scales. The motivation for modifying the gravitational part of the Einstein equation is not restricted to solving the cosmological problems. General relativity is not a renormalizable theory. Consequently, to quantize the gravitational fields conventionally, the Einstein-Hilbert action needs to be supplemented by higher order curvature terms [12, 13] . Also, in string theory and when quantum corrections are taken into account, the effective gravitational action at low energy level admits higher order curvature invariants [14] [15] [16] . However, these quantum corrections to general relativity are often considered to be important at very small scales and therefore do not affect the gravitational phenomenology at large scales.
There are many proposals to generalize the Einstein theory of gravity [68] [69] [70] such as, for instance, the scalar-tensor theories [17, 18] , DGP (Dvali-Gabadadze-Porrati) gravity [19] , brane-world gravity [20] , TeVeS (Tensor-Vector-Scalar) theory [21] , Einstein-Aether theory [22] and f (R) theories of gravity [23] [24] [25] [26] [27] [28] [29] . Besides having the simplest form of the action, the f (R) theories of gravity are ghost-free, provided that f ′′ (R) ≥ 0 [23, 30, 31] , and can avoid the Ostrogradski instability [32] .
It is well-known that the action of an f (R) theory in the presence of a matter field minimally coupled to the gravity can be transformed by a suitable conformal transformation to the Einstein-Hilbert action supplemented by a new dynamical scalar field which is minimally coupled to the gravity and non-minimally to the matter fields [33] [34] [35] [36] [37] [38] [39] [40] . The original set of variables is commonly called Jordan frame, while the transformed set, whose dynamics described by Einstein equations, is called Einstein frame [39] . As a consequence of the non-minimal coupling between the new scalar field and matter field in the Einstein frame, the matter energy-momentum tensor is no longer covariantly conserved which can be attributed to a variation in masses. Since these two frames are conformally related they are mathematically equivalent (at least at the classical level), namely the space of solutions in one frame is isomorphic to another one. Here, an important question arises whether the physical contents of these frames are equivalent or not. On the other hand, each f (R) theory of gravity is conformally related to a Brans-Dicke theory with the Brans-Dicke parameter ω 0 = 0 [23, [40] [41] [42] . Therefore, if we take an arbitrary conformal transformation into account, the above question can be generalized to infinite number of conformally related frames [43, 44] . There are two different attitudes towards this issue. One of them asserts that the appearance of a new scalar field in the Einstein frame is only a field redefinition and a conformal transformation is nothing else a point dependent change in the units of measurement. For this reason, these two frames are dynamically equivalent [43-48, 65, 66, 74] . In other words, two dynamically equivalent theories are actually just different representations of the same theory. From this point of view, since the change of units in the Einstein frame implies that the length of a vector varies under parallel transport along a curve, one may assume that the metricity condition no longer holds and employs the Weyl-integrable geometry instead of the Riemannian geometry in this frame [49] [50] [51] .
In total contrast to the above interpretation, another approach is that the metricity condition can hold in both frames and then the units of measurement can be preserved constant in both of them. Thus, these two frames have essentially different physical contents (at least at a quantum level) [29, 39, 52-60, 64, 71-73] . As mentioned in [44] , in addition to the equations of motion, a set of interpretative rules assigned to the variables constitutes a fundamental part of a theory. In fact, the interpretative rules in a geometry with running units are different in comparison with the interpretative rules in a geometry with fixed units. Consequently, the two different Einstein frames, one equipped with the metricity condition and another one not, cannot be equivalent. In this context, another question arises that which one of these frames is the physical frame. There are many arguments in the literature to support the use of the Einstein frame versus its Jordan counterpart and vice versa [39, [57] [58] [59] [60] . But, the aim of this paper is not to deal with this issue.
In the present paper we shall focus on the following question. Assuming that the two frames are inequivalent (or equivalently assuming an Einstein frame with fixed units [45] ), is it practically possible to distinguish between them by analyzing the observational data obtained from type Ia supernova surveys? In other words, can the Hubble diagram of type Ia supernova reveal which one of the two frames correctly describes our universe? To investigate this problem we design and examine an example in detail and show that, by taking the time-variations of masses into account, the answer is not affirmative. In fact, it will be shown that the Hubble diagrams derived in practice from the observational data are exactly the same for two frames. Nevertheless, we will argue that it is not because of a physical equivalence between these frames and show that if we have enough time to observe the change in the Hubble diagram it is possible to distinguish between them. It means that the Hubble diagram cannot be employed alone to differentiate between two frames but comparison between the changes in Hubble diagrams can provide a way to distinguish between them.
JORDAN AND EINSTEIN FRAMES
We assume that the space-time is four-dimensional and the signature of the metric is (− + ++). Let us consider the action of a nonlinear (or f (R)) theory of gravity in the Jordan frame in which the matter fields (collectively denoted by ψ) are minimally coupled to gravity,
where R and g are respectively the Ricci scalar and the determinant of the metric and f is a nonlinear function (we set = c = 8πG = 1). The Ricci scalar R is defined by R = g µν R µν . The Ricci tensor R µν is
where the connections Γ α µν are the metric connections defined as
It follows from the metricity condition
Varying the action (1) with respect to the metric g µν , one can derive the field equation
where the prime denotes derivative with respect to the argument, ∇ µ is the covariant derivative associated with the metric connection Γ
µν is the standard matter energy-momentum tensor
The left hand side of equation (5) is divergence-free (generalized Bianchi identity) implying the conservation equation
It may be viewed as a consequence of the invariance of the action (1) under diffeomorphisms. Considering a dust fluid with T (m) µν = ρu µ u ν and g µν u µ u ν = −1, the conservation equation yields
Multiplying both sides of this equation by (u ν u α + g να ) gives the geodesic equation
It means that a massive test particle follows geodesics of the metric in the Jordan frame and since the matter fields are minimally coupled to the gravity the Einstein equivalence principle is satisfied.
According to a well-known procedure [23, [33] [34] [35] [36] [37] [38] [39] [40] , it is possible to represent the action (1) in the Einstein frame by means of a suitable conformal transformation. To derive it one can introduce a new dynamical field χ and the action
Variation with respect to χ leads to the equation
which gives R = χ, provided that f ′′ (χ) = 0. Hence, the action (10) is dynamically equivalent to the action (1) . Setting
and assuming that the change of variable e 2φ/ √ 6 = f ′ (χ) is invertible, the action (10) takes the form
where the tilde means the quantities which are given in terms of the conformal metricg µν and
The new fieldsg µν and φ provide the Einstein frame. The gravitational part of the action now contains only Einstein gravity. The field φ is minimally coupled to the gravity but non-minimally coupled to the matter field. This new field corresponds to the additional degree of freedom due to the higher order of the field equations in Jordan frame. Variation of the action (13) with respect to the new metricg µν leads tõ
whereT
andT
Variation with respect to φ yields˜
where˜ φ ≡g µν∇ µ∇ν and∇ µ denotes the covariant derivative associated to the metric connectioñ
Taking the covariant derivative of equation (15) and using equation (18), one gets
The energy-momentum tensor of matter is no longer conserved due to the non-minimal coupling of the field φ to the matter field. SettingT
µν =ρũ µũν andg µνũ µũν = −1, equation (20) implies
It means that in the Einstein frame the world-lines of massive test particles do not satisfy the geodesic equation associated with the metricg µν . The last term on the right hand side can be removed after a suitable reparametrization (ũ µ → e φ/ √ 6ũ µ ), whereas the first term is not removable and describes the direct coupling of the field φ to matter fields in the Einstein frame. A comparison between (6) and (17) shows that
Hence, for a dust fluid we haveρũ
On the other hand, it is assumed thatg
which implies
where s ands are affine parameters in the Jordan and Einstein frames respectively. Equation (23) in combination with the above relation yieldsρ
, one gets
and the equation of motion (21) can be then rewritten as
wherem = e −φ/ √ 6 m with constant m. It is needless to say that there are many classical theories of gravity in addition to f (R) theories of gravity, including the Brans-Dicke theory, scalar tensor theories, classical Kaluza-Klein theories and so on, for which a conformal transformation maps the initial frame into the Einstein frame. Obviously, at the classical level there is a mathematical equivalence between the original (Jordan) frame and the Einstein frame. The space of solutions of the theory in one frame is isomorphic to the space of solutions in the conformally related frame. But, this mathematical equivalence implies nothing about their physical contents [39, [57] [58] [59] [60] . There is a long-standing question about the relation between the physical contents of two conformally related frames. There are two different attitudes towards this issue. One attitude asserts that a conformal transformation is nothing else a point dependent change in the units of measurement and the physical contents of two conformally related frames are equivalent [65] . One may consider the Jordan frame as a frame with constant units and the Einstein frame as a frame with running (or point-dependent) units or vice versa [43] [44] [45] [46] [47] [48] . To accommodate running units we can employ Weyl-integrable geometry instead of Riemannian geometry [49] [50] [51] . In the Jordan frame as a frame with constant units it is assumed that the metricity condition (4) holds and it is then a Riemannian space. But, in the Einstein frame with running units, since the length of a vector varies under parallel transport along a curve the metricity condition should be replaced by [49] [50] [51] 
which implies the following non-metric-compatible connection:
whereΓ ρ αµ is the metric-compatible connection (19) . The Einstein frame with the connection (30) is a Weyl-integrable space. It is not difficult to see that the Weyl connection of the Einstein frame is equal to the Riemannian connection of the Jordan frame, i.e.Γ ρ αµ = Γ ρ αµ . It means that the rule of parallel transport is actually defined by the Jordan metric g µν and the Einstein metricg µν only determines the change in the units of measurement. Using equations (9), (25) and (27) , one obtainsũ
It means that the origin of deviation from geodesic equation in the Einstein frame with Weyl-integrable geometry is the point-dependent units of massm and proper time ds.
In contrast to the above approach, another interpretation is that the measurement units in both Jordan frame and Einstein frame are constant and the metricity condition (4) holds in both frames [49, 50, [57] [58] [59] [60] , hence both frames are Riemannian spaces. In this context, the deviation from geodesic equation is caused by the fifth force generated by the field φ. Equation (28) suggests that a massive particle deviates from geodesics of the Einstein frame because its mass is a function of the space-time points. However, this equation of motion does not violate the weak equivalence principle because it is assumed that the values of the field φ for all types of particles are the same in each point of space-time, and accordingly the trajectories of test particles are independent of their masses. But, this is not the case for extended objects (Dicke-Nordtvedt effect). On the other hand, the equation of motion (21) implies that the acceleration of a freely-falling test particle in a fixed point with respect to a local inertial observer moving on a geodesic of the Einstein frame depends on their relative velocity. Consequently, for instance, hot bodies have different accelerations in comparison with cold identical ones [61] or atoms with different spin states have different accelerations [62] . Thus, in the Einstein frame, the Universality of Free Fall is violated for inertial observers. A similar phenomenon also occurs in General Relativity (GR) and in the Jordan frame but not for inertial observers. For example, in the Schwarzschild space-time the acceleration of a freely-falling test particle with respect to a local static observer who is at rest relative to the gravitational source depends on their relative velocity. Obviously, in GR and also in the Jordan frame for freely-falling observers which follow geodesics the Universality of Free Fall and local Lorentz invariance are satisfied.
It is worthwhile to note that there is another important difference between the Jordan and Einstein frames. Actually, in the Jordan frame the freely-falling observers (who not acted upon by non-gravitational forces) and the inertial observers (who follow geodesics) are equivalent. But it is not the case for the Einstein frame because the field φ is a universal field and coupled to all types of matter including the measuring instruments, and therefore to force an object into following a geodesic it is necessary to exert a non-gravitational force on it to eliminate the force generated by the field φ. In other words, an inertial observer must be generally affected by a non-gravitational force. It means that the natural (or normal) motion is no longer the following of geodesics. Thus, one may distinguish between inertial and freely-falling observers in the Einstein frame and defines an inertial observer as an observer who moves on a geodesics and a freely-falling observer as an observer who is always at rest relative to a freely-falling test particle (the one not acted on by a well-known non-gravitational forces such as electromagnetic force).
So the question arises whether or not the Universality of Free Fall is violated for freely-falling observers. The following argument shows that the Universality of Free Fall is also violated for freely-falling observers in the Einstein frame. Equation (28) can be expressed as
Contracting the left hand side withũ ν identically yields zero, i.e.ũ ν a ν = 0. It is then possible to employ the FermiWalker (or Fermi normal) coordinates near each curve that satisfies the above equation [67] . We use x µ to denote the Fermi-Walker coordinates near the world-line of a freely-falling observer. Then the world-line of the observer can be described by dx 0 = dt and x i = 0, where dt is the proper time along the world-line and i = 1, 2, 3. In these coordinates, the metric near the world-line can be expressed as [67] 
where a i (t) are the spatial components of a ν on the world-line andR µναβ (t) are the components of the Riemann tensor evaluated again on the world-line. It is no difficult to see that the metric reduces tog 00 = −1 andg ij = δ ij on the world-line and the non-vanishing Christoffel symbols on the world-line areΓ 
Now consider another freely-falling test particle whose velocity relative to our observer does not vanish when its world-line intersects the world-line of the observer. Near the observer the world-line of this particle can be described by the Fermi-Walker coordinates as x µ (s), where s is the proper time along the particle world-line. The acceleration of the particle with respect to the observer at the intersection point is
Assuming that the velocity of the particle relative to the observer is
where v 2 = v i v i . But, the world-line of the particle must also satisfy the equation of motion (32) . Since the intersection point is also on the observer world-line and on this world-line the only non-vanishing Christoffel symbols areΓ
and
Taking equations (34) and (36) into account, one can obtain
Substituting the relations (36), (39) and (40) in equation (35), we find
It is not difficult to see that not only the acceleration of particle with respect to the observer does not vanish, but also freely-falling test particles, with different velocities relative to the freely-falling observer, have different accelerations with respect to the observer. It means that the Universality of Free Fall is violated for freely-falling observers in the Einstein frame; whereas, in the Jordan frame in contrast to the Einstein frame, the acceleration of all freely-falling particles is always zero with respect to a freely-falling observer.
HUBBLE DIAGRAMS
As mentioned in the previous section, physics laws (the relations between physical observables) for freely-falling observers in the Jordan frame generally differ from the ones in the Einstein frame, provided that the metricity condition holds in both frames. This raises the question as to whether or not the cosmological red-shift surveys (i.e. the recent observational data obtained from type Ia supernova surveys) can practically reveal which one of the two frames correctly describes our universe. In other words, is it possible to distinguish between the two frames by analyzing these observational data?
The key observational quantities in cosmology are the brightness (i.e. energy flux density of an astronomical object) and the received light wavelength. Using these observational data, the Hubble diagram (the plot of proper (or luminosity) distance versus the redshift) can be derived. The Hubble curve can be used to distinguish between different cosmological scenarios. To derive this diagram, one should compare the received wavelength with the emitted wavelength to determine the wavelength shift. But, it is not possible for us to examine the emitted light directly; therefore, we have to compare the received wavelength with the wavelength measured in a laboratory on Earth. Additionally, to determine the proper distance of a very distant astronomical object it is required to know its intrinsic luminosity (i.e. emitted power) because direct methods such as the parallax method are not applicable. But again, we do not have any access to the light source and cannot measure its intrinsic luminosity directly. One of the conventional approaches to determine large distances is based on using the standard candles. A standard candle is an astronomical object that has a known intrinsic luminosity. To calibrate a standard candle one has to measure its brightness and its proper distance by means of the parallax method and then the intrinsic luminosity can be computed using the inverse square law. Consequently, this calibration works only at close distances wherein the parallax method is applicable and the redshift parameter is negligible. In other words, we can compare the features of a very distant source, such as its brightness and light wavelength, only with the features of the same objects in our vicinity. The use of this method for deriving the Hubble diagram can be justified if physics laws in our vicinity are the same as ones in a long distance. Therefore, this method can be employed to investigate the f (R) theories of gravity and also the theory of general relativity. But for another cases such as theories wherein particle masses change; although, such a diagram can be plotted, we have to care about its interpretation.
Although, the process of deriving the Hubble diagram in the Jordan frame is well known and resembles the one in general relativity we work it in detail because we want to compare it with its counterpart in the Einstein frame. The line element of a homogeneous and isotropic universe in the Jordan frame of f (R) theories of gravity can be expressed in terms of the comoving coordinates as
where a(t) is the scale factor and k is the spatial curvature parameter. Taking the above line element into account, the world-lines defined by dr = 0, dθ = dϕ = 0 and dt = ds, where ds is the proper time, satisfy the geodesic equation (9) . So, they are the trajectories of inertial observers being at rest with respect to the coordinate system. Now, consider a light source, for simplicity, including ∆N excited Hydrogen atoms being at rest with respect to the coordinate of system and located at the coordinates r = r em , θ = π/2 and φ = 0. Assume that all atoms collapse to the ground state and the source emits an isotropic electromagnetic signal consisting of ∆N monochrome photons during the time interval [t em , t em + ∆t em ]. Consequently, its intrinsic luminosity measured by a comoving local observer is
where h and c are respectively the Planck constant and velocity of light and λ em is the wavelength of emitted photons measured by the comoving local observer. Let us consider another inertial observer being at rest with respect to the coordinate system and located at the coordinates r = r rec = 0, θ = π/2 and φ = 0. Assuming that this observer receives the mentioned signal during the time interval [t rec , t rec + ∆t rec ], we have
and the wavelength of received photons is
where a em and a rec are the scale factor at the emission and received time, respectively. To determine the wavelength shift the second observer needs to measure the wavelength λ em . But the light source is not accessible to this observer and then she has to go to her laboratory and measure the wavelength of a photon created by a Hydrogen atom. Since the physics laws and the particle masses do not change in the Jordan frame, she can deduce that the wavelength λ lab which is measured in the laboratory is equal to λ em . It gives
where z is the wavelength shift. Another quantity which can be measured by the second observer is the brightness (energy flux) of the source. It can be expressed as
where D p is the proper (physical) distance between the observer and the source at the received time t rec and A(D p ) is the surface area of the sphere with center at r em and radius D p . Combining equations (43) and (46) with the above equation yields
Therefore, to calculate the proper distance it is required to know the intrinsic luminosity of the source or generally we have to know the internal structure of the source which for the present example is the number of Hydrogen atoms ∆N . Here, we need to use a standard candle. In practice, it means that we have to find in our vicinity an object resembling the light source. Measuring the brightness of this local source and its distance by means of the parallax method, its intrinsic luminosity can be determined and it is justifiable to set L em = L loc . One can then apply this method to various light sources in different distances and plot the proper distance D p versus the wavelength shift z (the Hubble diagram).
On the other hand, using the line element (42) for a light ray connecting the source and second observer, it follows that [63] 
where H is the Hubble parameter, i.e. H = da/dt a and 1 + z ′ = arec a(t) . This is the key relation that, by means of it, the theoretical predictions can be compared with the observational data. The left hand side is the Hubble diagram and the right one comes from our theoretical model. Thus, deriving the Hubble diagram and its comparison with the model in the Jordan frame is a straightforward process.
But, the situation in the Einstein frame is completely different. In the corresponding Einstein frame the line element (42) becomes
where dt = Ω(t)dt,ã = Ω(t)a(t) and Ω(t) is the conformal factor, i.e. Ω(t) = e (φ/ √ 6) . The world-lines defined by dr = 0, dθ = dϕ = 0 and dt = ds, where ds is the proper time in the Einstein frame, satisfy equation (21) . Since the right hand side of equation (21) always vanishes on these world-lines, it is then possible to regard these world-lines as the trajectories of not only freely-falling observers but also inertial observers. In other words, the freely-falling observers and the inertial observers coincide on these world-lines. Let us now study the above mentioned example in the Einstein frame. The intrinsic luminosity of the source is theñ
whereλ em is the wavelength of the light source in the Einstein frame and ∆t em is the length of the proper time interval of emission. The second observer receives the light with the wavelength
where Ω em and Ω rec are respectively the conformal factors at the emission and received time. The change in time interval is
where ∆t rec is the received proper time interval. To determine the wavelength shift, the second observer has to measure the wavelength created by a Hydrogen atom in the laboratory. But in the Einstein frame the wavelength in the laboratory is no longer equal to the emitted wavelength because the particle masses are not constant. According to the fact that the wavelength of the light given off by a hydrogen atom is proportional to the inverse of the hydrogen reduced mass, equation (27) yieldsλ
whereλ lab is the wavelength measured by the second observer in the lab. Since it is impossible for the second observer to practically measure the wavelengthλ em , the quantity that can be determined in practice is
wherez =λ rec λem − 1. It means that the quantity which is actually measurable in the Einstein frame is the wavelength shift of the Jordan frame, i.e. z, and notz. The brightness measured by the second observer in the Einstein frame is
whereD p is the proper distance between the light source and the second observer at the received time. The expression following the second equality is obtained by using equations (51), (53) and (55) . Hence, according to equation (55), we have
But, in contrast to the Jordan frame, the luminosityL em is no longer equal to the luminosity of a local standard candle in the Einstein frame. The luminosity of a local source can be expressed as
Since particle masses are no longer constant in the Einstein frame the wavelengthλ loc and the local emission time ∆t loc differ respectively from the emission wavelengthλ em and the emission time ∆t em . The emission times are different because the transition rate between energy eigenstates is proportional to the mass (the Fermi golden rule). Thus, it follows from equation (27) that
Substituting equation (59) in equation (58) and comparing it with equation (51), we find that
Then by equation (57) we have
Since all quantities on the right hand side can be measured by the second observer, it is possible in practice to plot a graph ofD p against z. Now the question arises whether or not the comparison of this graph and the theoretical predictions can make a distinction between the Jordan and Einstein frame. Obviously, the graph ofD p againstz (the 
Then from equation (49), it follows thatD
Then, according to equations (48), (49) and (61), one finds that
).
The values of the left hand sides of these equations are determined by observational data while the values of the right hand sides come from our models. If the values of the left and right hand sides in the first equation coincide, the Einstein frame becomes an acceptable model and if it occurs for the second equation, the Jordan frame is acceptable. But, we can always set Ω rec = 1 by applying a constant conformal transformation. This is possible because a constant conformal transformation can be regarded as a coordinate transformation and the Einstein frame is invariant under coordinate transformations. If we set Ω rec = 1, the right hand sides of both equations become equal. It means that there is not practically any difference between the Hubble diagrams extracted from observational data in both frames. Therefore, it is impossible to distinguish between two frames by comparison of equations (64) and (65) . The above result can be also generalized to all conformally related frames. If the observational data confirms the theoretical predictions, not only the Jordan frame is acceptable but also all conformally related frames including the Einstein frame are acceptable models. Conversely, if there appears to be a discrepancy between theory and observation, all conformally related frames fail. This result does not arise from the physical equivalence of the frames because we assume that the metricity condition holds in two frames and therefore, as was mentioned in the previous section, these frames can not be generally equivalent. In fact, if we have enough time to observe the change in the Hubble diagram, it may be possible to distinguish between these frames. The proper distance D p , according to equation (49) , can be express as
It shows that the proper distance is actually a function of two parameters t rec and t em . Taking the relation 1 + z = a(trec) a(tem) into account, one may replace the variable t em by z, then the proper distance becomes a function of t rec and z. In other words, the Hubble diagram can change with respect to the time t rec . Holding z constant, the partial derivative of D p with respect to t rec represents the rate of change of the Hubble diagram in the Jordan frame for the fixed z. It should be noted that holding z constant does not mean that a particular supernova has a constant redshift. To hold z constant at two different times one should measure the redshifts of two different supernovae. In other words, when z is held fixed and t rec changes, D p as a function of z and t rec does not represent the change in the proper distance of a particular supernova. In fact, it represents the proper distances of supernovae which have the same redshifts at different times.
On the other hand, according to equation (62) and setting Ω(t rec ) = 1, the rate of change of the Hubble diagram in the Einstein frame is ∂ ∂t recD p (z, t rec ) = ∂ ∂t recD p (z, t rec )
which differs from the rate of change in the Jordan frame. The comparison between these changes can be employed to distinguish between two frames. It should be noted that this difference is not a result of the time rescaling at the received time because we have set Ω(t rec ) = 1 and then the unites of time in two frames are the same (dt rec = Ω(t rec )dt rec = dt rec ). As an example, let us assume that a = H 0 t and the spatial curvature k vanishes; then the proper distance D p can be express as D p (z, t rec ) = −a(t rec ) tem trec dt a(t) = t rec ln(1 + z).
The partial derivative of D p with respect to t rec is independent of t rec . It means that the rate of change of the Hubble diagram in the Jordan frame is independent of time. On the other hand, since , according to equation (67) , can be dependent on time. In other words, the rate of change of the Hubble diagram in the Einstein frame depends on time. Thus, it is possible to differentiate between the two frames.
It is worthwhile to note that the result of the present paper is in conflict with the one derived in [59] . In that paper, it is concluded that the Hubble diagrams of two frames are different. This results from the assumption that the redshift parameterz is measurable; whereas, we argued that if one takes the variation of masses into account, this parameter is not practically measurable. Here, one may criticize that the variation in masses is not an unavoidable feature of the Einstein frame. For example, one may attribute the right hand side of equation (21) to the fifth force without considering any change in masses. But, we show that it may not be true. Taking equations (20) , (21) 
The mass densityρ can be expressed asρ ∼m Ñ a 3 , where N is the total number of particles which is assumed to be fixed andm is the rest mass of one particle. Hence we have
which is compatible with equation (27) and indicates that the variation in masses is an inevitable feature of the Einstein frame.
